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Abstract: 
If tbe amplitude of the cluster-cluster correlation function is made dimen- 

sionless, then systematic changes with cluster richness vanish, implying scale 
invariance in the clustering process. The dimensionless galaxy-galaxy correlation 
appears stronger, implying gravitational enhancement on smaller scales. 

One of the most powerful tools used to understand the structure of the 
universe is the correlation function, f,,(r), the excess probability over random that 
there are two objects separated by a distance r. It has been established’ that for 
distances out to IO Mpc, the galaxy distribution has a power-law correlation of 
the form 

&p(r) - Qw-‘J 
where h is the Hubble constant in units of 100 km/s Mpc. 

Recently the spatial correlation function of Abel1 clusters has been deter- 
mined directly”, following earlier work on the angular correlations’. It was 
noted, that rich (~11) clusters of galaxies correlate with the same power law as 
galaxies do, but wrtb a significantly greater amplitude, IX<< = 180,~ This ampli- 
tude is even higher for richer (Rz2) clusters. Clusters poorer tban most Abell 
clusters were identified in the Lick catalog by a numerical algorithm*. The corre- 
lations had the same slope again and the amplitude was between that of galaxies 
and that of the Abell clusters, in agreement with the trend of richness (see 
Table 1. for the details of the data). 

One of the attempts to explain the behavior of Q<~ has been made by KaiseP 
applying the statistics of rare events. II the density perturbations are described 
by a random Gaussian field, and the regions where clusters form correspond to 
densities higher than a certain threshold, the correlation function of the points 
above the ‘clipping level’ is a constant factor times the correlation function of all 
the points. By filtering out the scales smaller than clusters from the initial power 
spectrum and choosing the appropriate threshold, it wa9 possible to match both 
the number density and enhanced correlations of the Abell clusters. In order to 
explain the factor of 20 in a,, the clusters have to be 130 points. In this picture 
.fedr), wiIl have the same functional form as the galaxy autocorrelations. The 
model may have some difficulties here, since f,, appears to be negative at 20 Mpc 
radii, but ccc is positive out to at least 100 Mpc. 

The rms peculiar velocities and the correlation amplitude of the mass are 
related: both originate from the power spectrum of perturbations. The clusters 
cannot represent the tNe mm autocorrelations in the universe, since then we 
would expect to see enormous (- few 1000 km+) peculiar velocities for the clus- 
ters, which does not seem to be the case. 
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Whenever eimilsr systems of different scaler are compsred, it is preferential 
to use dimensionless quantities. The correlation I;lplitude o.<~ is dimensional, it 
is (Jr) at a~distance br = P Mpc. I? can be made dimensionless by using BII 
intrinsic unit of length for each sample of dillerent richness. The natural length 
that appears in these point catalogues is the mean separation L, determined by 
the density n - Lo. This mean separation is indeed intrinsic, since there is s 
unique one-t,o-one correspondence between richness and the value of L. This is 
due to the fact, that the richer samples are always subsets of the poorer catalog. 
Therefore we will label the different richness selections by the value of L. Using 
this unit. the density of each sample is I, and the value of the correlation func- 
tion at L (expressing distance in units of L) is also dimensionless: 

p(L) = .gL) = a(L)P” 

The constant slope in the power law behaviour of f(r) indicates scale invari- 
ance of the process responsible for galaxy formation. In the caSe of galaxies the 
typical distances are .t few UPC, while for clusters the same law holds to dis- 
tsnces of more than 50 Mpc. If galaxy formation occurred in a fully scale invari- 
ant way, one would expect that all dimensionless correlation amplitudes are 
equal. 

Fig. 1. is a plot of the dimension& amplitude flL) for all the samples, 
including the different richness classes of Bahcall and Soneiraz. Note, that &!,) 
for galaxiti is 1.1, a factor of 3 higher than for the cluster samples, which are all 
consist.ent with 0.35. As far as clusi,ers are concerned, the scale invariance seems 
to hold. The correlation amplitudcg of the clust,er catalogs are fairly well known, 
the densities are more uncertain. Since L thus HI!,) depends on the density, we 
plotted errors on Fig. 1. corresponding to densities I.5 times above and below the 
quoted value, representing a conservative error. Compared in this way galaxies 
are more strongly correlated than clusters are, quite the opposite conclusion to 
that obtained by comparing a(L). 

The relative constancy of fl,!,) can be understood in general terms as a signa- 
ture of scale invariance. If there is a nonlinear process (besides gravity) modulat- 
ing galaxy formation, and this process is scale invariant, the created pattern will 
have a single power law correlation function, the slope of which would be related 
to the geometry of the patt,crn, namely to its fractional (or ‘fractal’) dimension D 
in the following way’ : 

c(d=a (dW 
This t(r) will have the correct scaling property. Thus, in order to explain the 
observed slope, a fractal dimension of D = 1.2 is required. We do not know yet, 
what physical process can create the correct D. We discuss several of the possi- 
bilities later. 

Small scale gravitational clustering may break the scale invariance and 
increase the dimensionless correlation amplitude for galaxies. In one extreme caSe 
we can approximate this process by assuming that the pattern imposed upon the 
galaxy distribution is uncorrelated with the gravitational motion. Then the 
observed correlations are a superposition of the gravitational and fractal correla- 
tions, with 

C~,d+=o.35(r/Lj-U. 

scale invariant, and t&r) a Rat function of r out to about 10 Mpc, independent 
of L. c,,. is the Fourier transform of the power spectrum. 

l+E.,Ar) - Il+~,~d~)lll+c.Adl 
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If f,,,,(o) is about 3, then we approximately reproduce the observed factor of 3 in 
B(L). 

In the other extreme the process is the nonlinear ‘clipping’ of the gravita- 
tionally induced ~~overdensities d. In this case the ‘fractal’ and the grnvitationaf 
perturbations nre fully correlated. Kaiser haa also found (L limited scale iuvarl- 
ante for that particulsr model. ff the selection is simply due to a threshold in 
the initial perturbations, which are otherwise scale invarisnt, the resulting 
regions, the 30 called ‘excursion sets’ will have n scale invariant geometry, they 
will be fractafs’. If the universe is dominated by ‘cold’ dark mstter, the Euctua- 
tion spectrum has an asymptotic form of t4 where t is the wnve number. The 
larger galaxy correlations in this case can be due to effects of nonlinear gravitn- 
tional clustering on small scales. From comparisons of the low rms galaxy veloci- 
ties and the high correlation function of galaxies the necessity for such n ‘bias’ 
was suggested recentlye. All these mechanisms have the advantage of increasing 
the galaxy correlations while leaving the velocities intact. 

Schulman and Seiden’O have already suggested similarities between con- 
densed matter physics and galaxy formation. Their conclusion, from simple 
anslogies with short range intersction spin systems, w= that only fractals with 
D-J 2 cnn be obtained. 

Gas dynamical processes nre bound to occur at some level during galaxy for- 
mation. The formstion and explosion of first generation PopfIf stars”*” could 
have major consequences on the entire galaxy formation scenario. While the 
energies available in each explosion nre not sufficiently large, percolation may 
occur, creating random structure3 of ‘intinite’ length which can yield the required 
behavior. 

Another option is relativistic strings’s” which have sttrscted much attention 
recently. If present, they mny create pntterns with a fractal dimension close to 1. 

In summary, we propose that galaxy snd cluster correlation functions be 
compared in dimensionless units. The dynamic range of correlation amplitudes 
hes been reduced from 50 to 3. All cluster correlstions nre consistent with the 
snme scale invariant amplitude. The fact, that in those units galaxies nre more 
strongly clustered may be due to small scale gravitational clustering, while the 
slope and the dimensionless amplitude may reflect on IL scale invariant process 
responsible for creating luminous gaiaxies in certain regions of the universe. 

We acknowledge uselul discussions with N. Bahcall, N. Kaiser and T. 
Vicsek. This work was supported in part by the U.S. National Science Foundn- 
tion, the National Aeronautics and Space Administration nnd by the U.S. Depart- 
ment of Energy. 
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Figure I. The diienrionless correlstion mplitudc P(L) is shown ~6 8 
function of the mean separation L. Note, that all thmze cluster catalogs ue 
con&xnt with 035 (dashed line), while tht galaxy amplitude is 1.1. The 
emx-ham in the cluster data rqmsent . fucor of 1.5 up/dorm uncertainty 
in the density. 


